
Diff usivity of Polymers in Dilute Solutions 
Undergoing Homogeneous Flows 

In order to describe the translational diffusion of polymers in dilute 
solution, an elastic dumbbell model is used for which the effects of both 
hydrodynamic interaction and a nonlinear connector force are treated in 
a self-consistently averaged form. For this model, the diffusion tensor in 
the presence of a homogeneous flow field is obtained from ( i )  the mass 
flux caused by concentration gradients, (ii) the average polymer veloc- 
ity caused by external forces, and (iii) the mean-square displacement of 
a polymer caused by the Brownian forces. From the second and third 
approaches the same expression for the diffusion tensor is found, 
whereas a different expression is obtained from the first approach. This 
means that the Nernst-Einstein equation cannot be generalized to the 
case of flowing solutions. The model predictions for the diffusion ten- 
sors in steady shear flow are discussed in detail. 

Introduction 
In a recent paper (Ottinger, 1987e) the translational diffusion 

tensor for polymers in dilute solution in the presence of a homo- 
geneous solvent flow field was calculated by using a Hookean 
dumbbell model for the polymers. The restriction to homoge- 
neous flows made possible an explicit and clear illustration of 
the following points: 

1. The anisotropic solvent state due to the flow field leads to 
anisotropic polymer diffusivity, which needs to be described by 
a diffusion tensor instead of a diffusion coefficient. 

2. The Nernst-Einstein equation cannot be generalized to 
the diflision of polymers in flowing solutions. More explicitly, 
this means that the expressions for the diffusion tensor deduced 
from the polymer mass flux caused by external forces and by 
concentration gradients do not coincide. (The Nernst-Einstein 
equation for solutions at rest has been discussed by, among oth- 
ers, Bird et al., 1960, and Kops-Werkhoven et al., 1983.) 

3. In the definition of the mass concentration of polymer it is 
crucial to treat the polymers as spatially extended objects (Bird 
et al., 1987; Brunn and Grisafi, 1985; Curtiss et al., 1976). 

The translational diffusivity of polymers in homogeneous 
flows is not only an interesting problem in its own right, but the 
conclusions drawn for homogeneous flows are also very impor- 
tant for the investigation of the polymer-migration effect in non- 
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homogeneous flow situations (see references in Ottinger, 
1987e). 

It is the purpose of this paper: 
1. To generalize previous results (Ottinger, 1987d, e) by 

including the effects of the finite polymer extensibility in the 
model. 

2. To illustrate the diffusive behavior of polymers in steady 
shear flow in great detail. 
For the model employed in this paper, an elastic dumbbell model 
with self-consistently averaged hydrodynamic interaction and 
nonlinear spring-force law (Ottinger, 1987c; Biller et al., 1986), 
we construct an expansion of the diffusion tensors in terms of the 
shear rate (for steady shear flow). The same method can also be 
used to derive expansions of the stress tensor and the viscometric 
functions in terms of the shear rate. The most striking new result 
of the calculations for steady shear flow is the strong shear-rate 
dependence of the diffusion tensor describing the time evolution 
of concentration gradients which, for moderate and high shear 
rates, surprisingly has a negative principal value. 

Basic Equations 
The discussion of the translational diffusivity of polymers in 

dilute solutions undergoing homogeneous flows in this paper is 
based on an elastic dumbbell model, in which the effects of the 
hydrodynamic interaction and a nonlinear spring-force law are 
accounted for in a self-consistently averaged form. Of course, a 
dumbbell model yields a rather oversimplified description of 
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real polymers. In particular, it is known that, for the dumbbell 
model, inclusion of hydrodynamic interaction leads to an 
increase of the viscometric functions, whereas more realistic 
models show that hydrodynamic interaction decreases the vis- 
cometric functions. Previous investigations of the rheological 
behavior of bead-spring dumbbells and chains with self-consis- 
tently averaged hydrodynamic interactions and nonlinear spring 
forces (Ottinger, 1985, 1987a, b, c) showed, however, that the 
dumbbell results are qualitatively reasonable. For the calcu- 
lation of diffusion tensors, it is crucial to treat the polymers as 
extended objects; note that this important aspect, the extensibil- 
ity of the polymers, is fully accounted for in a dumbbell model. 
The effect of thefinite extensibility of the polymers on their dif- 
fusive behavior, which is one of the main subjects of this paper, 
might well be more important than the more complicated inter- 
nal motions present in chain models. For the rheological proper- 
ties, the use of nonlinear instead of Hookean forces leads to a 
qualitative change of the dumbbell-model predictions, whereas 
Hookean dumbbells and chains predict the same qualitative 
behavior. 

The configuration of a dumbbell is completely specified by 
two vectors rl and r2,  which give the positions of the two beads 
with respect to a fixed origin. We assume that the two identical, 
spherical beads (with radius a) of a dumbbell are connected by a 
finitely extensible nonlinear elastic (FENE) spring (Warner, 
1972; Bird et al., 1987). The velocity field of the incompressible 
Newtonian solvent in which these dumbbells are suspended is 
assumed to be homogeneous, that is, u(r) = u, + K ( f )  . r with a 
constant vector uo and a traceless tensor ~ ( t )  independent of the 
position r but possibly dependent on the time t .  On moving 
through this solvent the beads experience a hydrodynamic drag 
given by Stokes’ law. The drag force on each bead is propor- 
tional to the velocity of the bead relative to the solvent, with the 
proportionality constant (or friction coefficient) {being given by 
{ = 6 rvsa, where qr is the solvent viscosity. Furthermore, the 
number density of polymers n is presumed to be sufficiently 
small that various polymers do not interact with each other. 

For dumbbell models one can easily separate the motion of 
the entire polymer in space and the internal motion. To this end 
we introduce the center of mass R and the connector vector Q in 
order to characterize the bead positions: 

R = %(rl + r2 ) ,  Q = r, - r,  ( 1 )  

Internal conjgurations 
We first study the time evolution of the internal configura- 

tions. The dynamics of the connector vector is governed by the 
Brownian forces and the FENE spring force (Warner, 1972) 

where Q is the length of the vector Q, Q, is the maximum possi- 
ble spring extension and H i s  the spring constant for Q << Q,. In 
the limit Q, - m, we obtain a Hookean spring-force law with 
spring constant H.  

The dumbbell model with consistently averaged hydrody- 
namic interaction and FENE spring force used in this paper is a 
special case of the bead-spring chain model studied by Ottinger 
(1987~).  The consistently averaged FENE spring force is 
obtained by replacing the factor Q’ in the denominator of Eq. 2 
by its average value performed with the configurational distri- 
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bution function, which needs to be determined self-consistently 
from the resulting dynamics. Similarly, the consistently aver- 
aged hydrodynamic interaction tensor is to be evaluated with 
the configurational distribution function, which itself depends 
on the averaged hydrodynamic interaction tensor (for details see 
Ottinger, 1985, 1986a, b, 1987a, b, c). For consistently aver- 
aged nonlinear effects, the internal configurational distribution 
function is a Gaussian distribution. The average of the con- 
nector vector over all internal configurations is zero (( Q) - 0), 
even in the presence of external forces (as long as the external 
forces on the two beads of a dumbbell are equal). The Gaussian 
distribution for the internal configurations is thus completely 
characterized by the dimensionless covariance a 

(QQ) 
b + 3  H 

b k T  
Q=-- ( 3 )  

where b = HQ:/kT is the usual dimensionless finite-extensibil- 
ity parameter (Bird et al., 1987), k is Boltzmann’s constant, and 
T is the absolute temperature (the normalization in Eq. 3 is 
chosen to give a = 1 a t  equilibrium). 

The time evolution of the tensor u can be obtained by solving 
the following ordinary differential equation (Ottinger, 1987c): 

where the first part of this equation is the definition of the code- 
formational time derivative u ( ~ ) ;  xH = [b / (b  + 3)]{/4H is the 
basic time constant in the model; h = a[ ( rkT /H)b / (b  + 3)] -1 /2  
is the dimensionless hydrodynamic interaction parameter; tru is 
the trace of the tensor a; and %(a) is the hydrodynamic interac- 
tionfunction (Ottinger, 1 9 8 7 ~ ) :  

3 
167r 

%(a) = - [det a]-’/* 

The hydrodynamic interaction function in Eq. 5 results from the 
description of the interaction between the beads of a dumbbell 
through perturbations of the solvent flow field by the Oseen- 
Burgers tensor (Bird et al., 1987). For solving Eq. 4 analytically 
or numerically, it is very convenient to know that the function 
%(a) can be expressed in terms of elliptic integrals (Ottinger, 
1987c, Appendix B). 

Equation 4 is the basic equation governing the time evolution 
of the internal configurations of elastic dumbbells with consis- 
tently averaged hydrodynamic interaction and FENE spring 
force. 

Center -0 f - mass motion 
The time evolution of the position of the center of mass of a 

polymer molecule in space can be obtained in exactly the same 
way as for the special case of infinitely extensible ( b  = m) Hoo- 
kean dumbbells (Ottinger, 1987e). By calculating the average 
velocity of the center of mass with respect to the solvent caused 
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by external forces in the presence of a homogeneous solvent flow 
field, we obtain the following diffusion tensor associated with 
the polymer mobility (note that we need to introduce a diffusion 
tensor rather than a diffusion coefficient because the average 
velocity of a polymer depends on the direction of the applied 
external force with respect to the flow field): 

0 1 0  

K c = j  0 0 0 

l o  O (I 
As for Hookean dumbbells, the diffusion tensor obtained from 
the mean-square displacement of a single finitely extensible 
dumbbell caused by the stochastic Brownian forces is also given 
by Eq. 6. The diffusion tensor D' thus describes the diffusive 
behavior of polymers in flowing, dilute solutions associated with 
both the polymer mobility and the Brownian forces. 

On the other hand, the diffusion tensor deduced from the 
mass flux caused by concentration gradients is not given by Eq. 
6 (even in the special case of Hookean dumbbells). In order to 
find an expression for the diffusion tensor associated with con- 
centration gradients one needs to derive a diffusion equation for 
the mass concentration of polymer. This diffusion equation can 
be derived for the finitely extensible dumbbells of this paper by 
exactly the same procedure as for Hookean dumbbells (Ottin- 
ger, 1987e). In this manner we obtain: 

The diffusion tensor D" describes the diffusive behavior of poly- 
mers in flowing, dilute solutions associated with concentration 
gradients. 

The discussion of translational diffusion in steady shear flow 
in the following sections is based on Eqs. 4,6 ,  and 7. The rheo- 
logical properties of the polymer solution in the absence of con- 
centration gradients can be obtained from the Kramers expres- 
sion for the polymer contribution to the stress tensor (Bird et al., 
1987): 

In the following discussion, Eq. 8 will be used to compare the 
diffusion tensors and the rheological properties predicted by the 
elastic dumbbell model with consistently averaged hydrody- 
namic interaction and FENE spring force. 

Solution of Basic Equations 
for Steady Shear Flow 

Before we can discuss the diffusion tensors or the stress tensor 
predicted by the model described in the preceding section we 
need to solve Eq. 4 for the covariance u. In this section, we show 
how Eq. 4 can be solved for steady shear flow by transforming to 
a coordinate system in which the matrix representation of u is 
diagonal. We also construct an expansion of the principal values 
(or eigenvalues) of u in powers of the shear rate. 

Diagonal ization 
For steady shear flow, the matrix representation of the tensor 

K in a fixed rectangular Cartesian coordinate system C is given 

(9) 

where j is the shear rate. For this flow situation, we find that the 
matrix representation of the tensor u introduced in Eq. 3 is of the 
form 

that is, the 3-axis of C is a principal axis of the symmetric tensor 
u. By rotating the coordinate system C by an angle 4 (0 5 Cp c 
~ / 2 )  around its 3-axis we can find a rectangular Cartesian coor- 
dinate system C' in which the matrix representation of the ten- 
sor u is diagonal. If the principal values of u are uI, u2, and u3, we 
have from the invariants of the transformation from C to C': 

In the coordinate system C', the off-diagonal components of the 
tensor %(u) defined in Eq. 5 vanish for reasons of symmetry so 
that, in this coordinate system C', the tensor %(a) is character- 
ized by its principal values %,, %,, and %,. From Eq. 4, we 
then find that the matrix representation of the tensor u(l )  in the 
coordinate system C' is also diagonal. Therefore, we have u . 
u(,) = ucI) . u. This commutation relation yields a relationship 
between the four nonzero components of u in the coordinate sys- 
tem C: 

Equation 12 is very valuable because it implies that u has only 
three independent components in the coordinate system C. The 
three principal values a, therefore contain enough information to 
calculate the components of u in C, which immediately give the 
viscometric functions, Eq. 8, and the directions of the two 
orthogonal principal axes of u in the (1,2) plane of the coordi- 
nate system C. The principal axes of the tensor u are also the 
principal axes of tensor-valued functions of u, for instance, the 
diffusion tensors in Eqs. 6 and 7 and the stress tensor in Eq. 8. 
By exploiting Eq. 12 we obtain for the angle 4 characterizing the 
directions of these principal axes: 

With Eqs. 1 1 and 12, one can also calculate the diagonal matrix 
of components of in the coordinate system C' in a straight- 
forward manner. The basic Eq. 4 then yields the following three 
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component equations: in a straightforward manner from Eqs. 16 and 17. Finally, in 
order to obtain the coefficient c,+~ we use Eq. 14a in the form 

(PI - Pj)(l - d h )  
-&+a, = ( I  - f i h e 1 ) ( l  - .,/a3) 

r i , - j ~ ,  = (1 - JZh7f2)(1 - n2/q3) 

( 14a) 

(14b) 
= &,+rola3 + ah(%, - l)(uI - 17,) (19) 

From the Nth-order expansions of ul, u2, u3, and 7fl one can 
obviously calculate the contribution of order N + 1 on the right- 
hand side of Eq. 19, so that the lefthand side yields c,+~. We 
thus have a recursive procedure to calculate all the coefficients 

cients are: 

PI + a2 - 2 
b + l  

a , = 1 -  (14c) 

where r is the ratio of the geometric and arithmetic means of uI 

Appendix B) that the diagonal elements 7fi can be expressed in 
terms of the oj by means of elliptic integrals. Equations 14 can 

and u 2 9  ' = u 2 ) *  It was shown by ottinger (1987c9 c,  from the zero-order coefficient c, = 1. The lowest order 

then be soived by standard numerical techniques. 1 
1 - ah 

1 b + l  
b + 3 

CI = ~ (204  
Expansion in powers of the shear rate 

In order to complete the discussion of the basic Eq. 4 for the 
tensor CT in steady shear flow or, equivalently, of the component 
Eqs. 14, we now outline how an expansion of the solution of 
these equations in powers of the shear rate can be obtained. We 
write: 

(20b) - - - - ( 1  + i) 
c2 = ( 1  - 

C) = 

If we substitute -+ for + in Eqs. 14 and exchange ul and u2, we 
recover exactly the same set of equations. From this symmetry 
of Eqs. 14 we conclude 

2P(1 - &)I (20c) 

m 

u2 = 1 + C i ( - i H + ) i  
i-1 

and from Eq. 14c we then obtain: 

The three principal values ui are thus characterized by a single 
set of coefficients cj .  In order to derive expansions of the quanti- 
ties 7 f i  in terms of the shear rate we can write (Ottinger, 1987c, 
Appendix B): 

7f1=--f 1 - - , I  -- 6 l ( :  PI "'1 

with i  = a h / [ l O ( l  - ah)]. 
For given values of h and b, the procedure outlined above has 

been used to calculate the numerical values of the coefficients ci 
on a VAX/VMS computer (note that even an exact, formal con- 
struction of the coefficients ci as functions of h and b with a com- 
puter is possible). For h = 0.15 and b = 50, the results for the 
principal value uI obtained from the numerical solution of Eqs. 
14 and from various order expansions are compared in Figure 1. 
The number of coefficients ci that could be evaluated was not 
restricted by the computer time or the number of storage loca- 
tions available but rather by the accuracy of the results for ci. By 
comparing the coefficients ci from calculations with single and 
double precision, four-figure agreement was found for i 5 12, 
three-figure agreement for i zs 16, and completely different 
results were obtained for cI9 (for h - 0.15 and b = 50 as well as 
for h = 0.15 and b = 100). 

Figure 1 shows that at low shear rates the expansions of order 

with 
m 3(i + 1) h=O. 15 

4.0 

3.5 

3.0 N= 10 

2.5 

2.0 

0 1  
,-0 

j -0 

1 9 
5 280 

= 1 + - (X + y )  + - (3x2 + 2 ~ y  + 3y2) + - - * . (17) 

Similar expressions for ?f2 and 7f3 can be obtained by permuta- 

cN in the expansions 15a-c are known, one can thus construct 

0.5 0.6 0.7 0.8 0.9 1.0 
tions of the subscripts 1, 2, 3 in Eq. 16. If the coefficients c1 . . . 

the coefficients d ,  . . . d, in the expansion 
X"Y 

Figure 1. Prinicipal value u, vs. dimensionless shear rate 
m X"9. 

Exact numerical solution of Eqs. 14 and Nth-order expansions of (I, 
in powers of shear rate for various N are displayed 

7 f ,  = 1 + 1 di (XH+)' (18) 
i -  I 
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5,  10, and 20 describe the exact behavior of uI very well. At 
iH+ = 1, the fifth-order expansion deviates roughly 10% from 
the exact result. The 10th-order expansion improves the fifth- 
order expansion for in+ 5 0.94, whereas it yields a poorer 
approximation at higher shear rates. The 20th-order expansion 
is very good for in+ <: 0.75 (less than 0.5% deviation from the 
exact result); however, it fails drastically for in+ 0.9. Expan- 
sions of high order are thus of very limited value. 

Viscometric functions 
As mentioned before, the principal values ui of the tensor u 

also contain the complete information on the viscometric func- 
tions. Since we want to compare the behavior of the diffusion 
tensor and the viscometric functions in the next section, we 
briefly summarize the expressions for the viscometric functions 
in terms of the principal values a,. The polymer contribution to 
the viscosity vp and the normal-stress coefficients -,b2 are 
defined by if2 = -vp+, i f ,  - i s2  = and i<2 - 75) = 

-1L2T2. By using Eq. 8 for the stress tensor i P  and Eqs. 11, 12 to 
express the components of the tensor u in terms of its principal 
values, we obtain the following expressions for qp and 

The second normal-stress coefficient can be obtained from the 
following relationship between the viscometric functions (Ottin- 
ger, 1986b): 

This generalization of the same relationship for Hookean dumb- 
bells with consistently averaged hydrodynamic interaction can 
be derived from Eqs. 12 and 14c. 

Equations 21-23 can be used to construct expansions for the 
viscometric functions from Eqs. 15. The second-order results for 
qp and obtained from the coefficients ci in Eq. 20 are in agree- 
ment with the third-order retarded-motion expansion for the 
more general case of chains of arbitrary length (Ottinger, 
1987~). By the procedure outlined in the previous subsection one 
can easily construct higher order contributions to the viscomet- 
ric functions for dumbbells. 

Diffusion Tensors in Steady Shear Flow 
For the discussion in this section the basic Eqs. 14 have been 

salved numerically for various values of the shear rate +, the 
hydrodynamic interaction parameter h, and the finite-extensi- 
bility parameter b (reasonable values for these parameters were 
discussed in detail by Ottinger, 1987~). We first study the 
dependence of the angle q5 on the various parameters. This 
angle, which can be calculated from Eq. 13, characterizes the 
direction of the principal axes of the covariance u and the diffu- 
sion tensors D'"' in the (1,2) plane (the precise meaning of the 
angle #.I was explained after Eq. 10). 

In the limit in+ -, 0, we find 4 = u/4 for all values of h and 

h = O .  15 
@ 0.6 

X H Y  

Figure 2. Angle 4, Eq. 13, vs. dimensionless shear rate 
in*. 

b. Figures 2 and 3 show that for increasing shear rate, #.I 
decreases very rapidly. At a given shear rate, the angle 4 
decreases with increasing finite-extensibility parameter b, Fig- 
ure 2, as well as with increasing hydrodynamic interaction 
parameter h, Figure 3. The small values of #.I at high shear rates 
imply that the first principal axis of the tensors u and D'." is 
almost parallel to the 1-axis of the laboratory coordinate system 
C. 

Since the directions of the principal axes of the diffusion ten- 
sors D'." are completely characterized by d, we now need to dis- 
cuss only the three principal values of the diffusion tensors. We 
introduce the normalized principal values of the diffusion ten- 
sors D'." by 

This normalization implies D!." = 1 for shear rate zero. The nor- 
malized principal values in Eq. 24 can be calculated from Eqs. 6 
and 7 and the solution of Eqs. 14. 

Diffusion tensor D' 
We first discuss the principal values of the diffusion tensor 

D', which describes the polymer mass flux caused by external 
forces and the mean-square displacement of the center of mass 
of a polymer caused by the Brownian forces, For h = 0.15 and 
b 5 100, Figure 4 shows that for increasing shear rate, the prin- 

b=100 

0.0 
0 2 4 6 8 1 0  

X H Y  

Figure 3. Angle 4, Eq. 13, vs. dimensionless shear rate 
in*. 
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1.1 

Figure 4. Normalized principal values 0; vs. dimenslon- 
less shear rate fi,,?. 
Relative polymer mntribution to viscosity vr(q)/q,,(0) is included 
for comparison 

cipal values of the diffusion tensor D' change much less than the 
polymer contribution to the viscosity. With the exception of 0; 
a t  very low shear rates, the normalized principal values of D' are 
slightly smaller than unity, thus indicating a reduced diffusivity 
of polymers in flowing solutions. With increasing shear rate, Di,, 
decrease monotonically, whereas 0: slightly increases a t  low 
shear rates before it starts to decrease for iiH+ 2 0.2. For a 
smaller 6 value ( h  - 0.15, 6 = 50), the behavior of 0: is very 
similar; however, 0: has a minimum near iH$ = 7 and slowly 
increases again for higher shear rates, Figure 5. 

The principal value 0: decreases with increasing extensibility 
of the springs, Figure 5. For the rather stiff springs with b = 25, 
0; deviates in the entire range 0 I x,,? 5 10 by less than some 
3% from its zero shear ratevalue, whereas the polymer contribu- 
tion to the viscosity decreases by more than 60%. For increasing 
hydrodynamic interaction parameter h, the change in the hydro- 
dynamic interaction with the polymer extension caused by the 
flow field becomes more and more important. Therefore, the 
changes in 0: increase with h, Figure 6. For h = 0, all principal 
values 0: are independent of + and b; see Eq. 6. 

Changes in the parameters h and b affect the normalized 
principal values Diand  0: in the same way as  0:. 

Di. is ion tensor D" 
We now discuss the principal values of the diffusion tensor 

D", which describes the polymer mass flux caused by concentra- 

1 . 0 2 5 j v  
1 h=0.15 I 

Figure 5. Normallzed principal value 0: vs. dimensionless 
shear rate i,,?. 

I."- 4 b= 100 

Figure 6. Normalized principal value D<vs. dimensionless 
shear rate i,,?. 

tion gradients. By comparing Eqs. 6 and 7 one can conclude that 
0; = 0;' for all values of b and h. 

Figure 7 shows the normalized principal values 0;' for h = 

0.15 and b = 100. The slopes of D{(2 at  x,+ = 0 are opposite in 
sign to the slopes of D{,2 (Ottinger, 1987e). It is very surprising 
that the principal value D{'of the diffusion tensor D" is negative 
for i,+ 2 0.6. In order to understand the physical meaning of a 
negative principal value of D" we need to remember that the 
diffusion tensor D" was deduced from the polymer mass flux 
with respect to theflowjield caused by concentration gradients. 
Even without taking diffusion into account, the flow field sepa- 
rates particles with different 2-components of the position vector 
in the laboratory coordinate system C and thus tends to smooth 
concentration gradients. A negative principal value of D" indi- 
cates that the smoothing effect of the flow field is reduced. This 
reduced rate of concentration-gradient smoothing is caused by 
the springs, which connect the beads of a dumbbell: The springs 
hold the beads of a dumbbell together, whereas the flow field 
tries to separate them. By pulling together the beads separated 
by the flow field, the springs tend to preserve the local mass con- 
centration and to oppose the smoothing of concentration gra- 
dients caused by the flow field. Since the flow field effects have 
been subtracted in the definition of D", it is this concentration- 
preserving effect of the springs which leads to a negative princi- 
pal value of the diffusion tensor D". 

Note that the principal value 0;' in Figure 7 changes very 
rapidly with the shear rate (at i,,+ = 2, the polymer contribu- 
tion to the viscosity is only some 12% below its zero shear rate 
value). The principal value 0;' increases with shear rate until a t  

2 ,  

b= 100 
-8 

L y  
0 

Figure 7. Normalized principal values 0:' vs. dimension- 
less shear rate i,,?. 
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i H y  = 2.6 a maximum is reached. The maximum value of 0: is 
some 26% larger than the zero shear rate value. For higher shear 
rates, Di'decreases only very slowly. 

As for the diffusion tensor D', the principal values of D" 
decrease for increasing finite-extensibility parameter b. How- 
ever, the effect of b on 0;' is very small (less than 2% for h = 0 
and b = 25, 100, m). With increasing hydrodynamic interaction 
parameter h, Di'increases except for 0.5 5 iH+ 6 1.5 (b = IOO), 
whereas 0;' decreases for all shear rates. 

The above discussion shows that the diffusion tensor D" asso- 
ciated with concentration gradients is much more strongly 
affected by a steady shear flow field than the diffusion tensor D' 
associated with external forces and Brownian forces. 

Summary and Discussion 
In this paper, an elastic dumbbell model has been employed to 

study the translational diffusivity of polymers in dilute solutions 
undergoing homogeneous flows. A generalization of the previ- 
ously derived expressions for the diffusion tensors deduced from 
the polymer mass flux caused by external forces and concentra- 
tion gradients as well as from the mean-square displacement of 
the center of mass of a polymer by the Brownian forces has been 
obtained by including the finite extensibility of polymers in a 
dumbbell model with consistently averaged hydrodynamic in- 
teraction. Like the hydrodynamic interaction, the finite polymer 
extensibility has been treated in a self-consistently averaged 
form. 

We obtain the same expression for the diffusion tensor from 
the definitions associated with external forces and Brownian 
forces (D') ,  whereas a different expression follows from the def- 
inition associated with concentration gradients (D"). [Different 
diffusion tensors D' and D" in the presence of a homogeneous 
solvent flow field have previously been found even in the absence 
of finite-extensibility and hydrodynamic interaction effects 
(Ottinger, 1987e).] The fact that two different expressions for 
the diffusion tensor are deduced from the mass flux caused by 
external forces and by concentration gradients implies that the 
Nernst-Einstein equation cannot be generalized to flowing solu- 
tions. 

For steady shear flow, the basic equations describing the 
model have been simplified by a transformation to a coordinate 
system in which the occurring tensors are  represented by diag- 
onal matrices. We have described how the diagonalized equa- 
tions can be used to construct expansions for the diffusion ten- 
sors and the viscometric functions in powers of the shear rate in 
a very effective manner. However, such expansions have been 
found to be useful only a t  low shear rates. 

The diffusion tensors D' and D" for steady shear flow have 
been discussed in great detail. The tensor D' is not affected very 
strongly by the flow field, so that it will be very hard to detect 
the predicted shear-rate dependency of D' in experiments on 
flowing polymer solutions. On the other hand, the tensor D" 
changes very rapidly with the shear rate. For moderate and high 
shear rates, the diffusion tensor D" has a negative principal val- 
ue. This negative principal value does not lead to concentration 
gradients that increase in the corresponding principal direction 
in time. Concentration gradients are smoothed by the flow field; 
however, the springs, which prevent the beads of a dumbbell 
from being separated by the flow field, reduce the smoothing 
effect of the flow field. As the smoothing effect of the flow field 
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has been subtracted in the definition of the diffusion tensor D", 
the opposite effect of the springs leads to a negative principal 
value of D". Since our model predicts a diffusion tensor D" 
which changes very strongly (both quantitatively and qualita- 
tively) with shear rate, it appears to be most interesting to obtain 
the diffusive properties of polymers in flowing solutions by 
investigating the time evolution of concentration gradients ex- 
perimentally, for example, in steady shear flow. 
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Notation 
a - bead radius 
b = finite-extensibility parameter 

c,, di = coefficients in an expansion in powers of the shear rate 
D' - diffusion tensor (external force, Brownian diffusion) 
D! - normalized principal values of D' 
D" = diffusion tensor (concentration gradients) 
0:' = normalized principal values of D" 

F' = FENE spring force 
f - function related to elliptic integrals 

h = hydrodynamic interaction parameter 
h = modified hydrodynamic interaction parameter 
H - hydrodynamic interaction function 
9f, = principal values of H 
H = spring constant at zero polymer extension 
k = Boltzmann's constant 
n - number density of polymers 
N = order of expansions in powers of the shear rate 
Q - connector vector 
Q - length of connector vector 
Q, = maximum length of connector vector 

r = ratio of geometric and arithmetic means of u, and u2 
r - position vector 

R = center of mass 
r = time 
T = absolute temperature 

o, - constant velocity 
x = integration variable 

r l ,  r, - bead position vectors 

v(r)  - velocity field 

Greek letters 
- shear rate 

{ = bead friction coefficient 
qs - solvent viscosity 
vp = polymer contribution to viscosity 

K - velocity gradients 
iH - time constant 
u - normalized dimensionless covariance 
u, - principal values of u 
u,, = components of u in coordinate system C 
T P  - polymer contribution to stress tensor 
T $  - components of r p  in coordinate system C 
& = angle characterizing directions of principal axes of u, H, 0"'. 

and r p  

$,,, - first, second normal-stress coefficient 

Subscripts 
C, C' - components of a tensor in coordinate system C, C 

(1) = codeformational time derivative 

Superscripts 
T - transposition 

- 1 - inverse tensor 
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